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Abstract. In the present paper, we consider the space of almost
Ka¨hler structures (g, J) with a fixed Ka¨hler form [Ω] on a compact
manifoldM , and study a critical point of the functional
∫
M
(λτ+µτ∗)
dvg with respect to the scalar curvature τ and the ∗-scalar curvature
τ∗.
1. Introduction
Let M be a compact differentiable manifold of dimension m. We denote
by Rc(M) the set of Riemannian metrics of the same volume c on M . It is
well-known that a Riemannian metric g ∈ Rc(M) is a critical point of the
functional A(g) on Rc(M) defined by
A(g) =
∫
M
τdvg
if and only if g is an Einstein metric, where τ denotes the scalar curvature
of g. For an almost Hermitian manifold (M, g, J), making use of J , the ∗-
Ricci tensor ρ∗ and the ∗-scalar curvature τ∗ are defined. In [3], D. E. Blair
and S. Ianus studied critical points of the functional∫
M
(τ − τ∗)dvg
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on the space of associated metrics with the same Ka¨hler form Ω. In [6], the
author studied critical points of the functional
Fλ,µ(g, J) =
∫
M
(λτ + µτ∗)dvg, (λ, µ) ∈ R2 \ (0, 0),
on the space AH(M) of all almost Hermitian structures onM , or the space
AHc(M) ⊂ AH(M) of almost Hermitian structures with the same volume,
or the space AH(M,Ω) ⊂ AH(M) of almost Hermitian structures with the
same Ka¨hler form Ω.
If (g, J) is an almost Ka¨hler structure onM , it is natural to consider the
spaceAK(M, [Ω]) of almost Ka¨hler structures whose Ka¨hler forms represent
the same cohomology class [Ω]. In this paper, we make a little attempt
to treat AK(M, [Ω]), and as an application, we study a critical point of
Fλ,µ|AK(M,[Ω]).
2. Preliminaries
Let M be a compact connected C∞ manifold of dimension m = 2n ad-
mitting an almost Ka¨hler structure (g, J), where g is a Riemannian metric
and J is an almost complex structure satisfying g(JX, JY ) = g(X,Y ) and
its Ka¨hler form Ω(X,Y ) := g(X,JY ) is closed (X,Y are elements of the
Lie algebra X(M) of all smooth vector fields onM). We denote by AH(M)
the set of all almost Hermitian structures on M , and by AK(M, [Ω]) the
set of all almost Ka¨hler structures on M with the same Ka¨hler class [Ω]:
AH(M) :=
{
(g˜, J˜) | (g˜, J˜) is an almost Hermitian structure
}
,
AK(M, [Ω]) :=
{
(g˜, J˜)
∣∣∣∣∣ (g˜, J˜) ∈ AH(M), dΩ˜ = 0and [Ω˜] = [Ω]
}
.
We denote by R, ρ, τ, ρ∗ and τ∗ the Riemannian curvature tensor, the Ricci
tensor, the scalar curvature, the ∗-Ricci tensor and the ∗-scalar curvature
of an almost Hermitian manifold (M, g, J), respectively.
R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ],
ρ(x, y) = trace of (z −→ R(z, x)y),
τ =
2n∑
i=1
ρ(ei, ei),
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ρ∗(x, y) =
1
2
trace of (z −→ R(x, Jy)Jz)
= trace of (z −→ R(x, Jz)Jy),
τ∗ =
2n∑
i=1
ρ∗(ei, ei),
where {ei}i=1,···,2n is an orthonormal basis of TpM with respect to g. Let
(x1, · · · , x2n) be a local coordinate system of M . About the components of
R with repsect to the local coordinate system, we shall adopt the following
notation (cf. p.144, [5]).
R(
∂
∂xi
,
∂
∂xj
)
∂
∂xk
= Rlkij
∂
∂xl
.
Then the components of ρ and ρ∗, and τ, τ∗ are given by the following.
ρij = Rkjki,
τ = ρii = Rkiki,
ρ∗ij =
1
2
JabJj
cRabic = JcaJjbRcbia,
τ∗ =
1
2
RabcdJ
abJcd = −RabcdJadJbc.
3. A curve in AK(M, [Ω])
Let (g(t), J(t)) ∈ AK(M, [Ω]) be a curve through (g(0), J(0)) = (g, J).
First we consider the curve to be (g(t), J(t)) ∈ AH(M), we put
h :=
d
dt
∣∣∣∣
t=0
g(t), K :=
d
dt
∣∣∣∣
t=0
J(t).
Then the pair (h,K) satisfies the following.
h(X,Y ) = h(Y,X),(1)
KJ + JK = 0,(2)
h(X,Y ) = h(JX, JY ) + g(KX, JY ) + g(JX,KY ).(3)
Furthermore, since (g(t), J(t)) ∈ AK(M, [Ω]), there exists a 1–form α(t) on
M such that Ω(t) = Ω + dα(t). Let A be the 1–form on M defined by
A :=
d
dt
∣∣∣∣
t=0
α(t).
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Then we have
h(X,JY ) + g(X,KY ) = dA(X,Y ),(4)
h(X,Y ) + h(JX, JY ) = dA(JA, Y ) + dA(JY,X).(5)
Let (h,A) be any pair satisfying (1) and (5), and define K by the equation
(4). Then the equalities (2) and (3) hold. Therefore as an infinitesimal
data, (h,A) will play an essential role.
Let R(t), ρ(t), τ(t), ρ∗(t), τ∗(t) and dvg(t) be the Riemannian curvature
tensor, the Ricci tensor, the scalar curvature, the ∗-Ricci tensor, the ∗-scalar
curvature and the Riemannian volume form of (g(t), J(t)), respectively. In
the sequel, we consider the components of tensor fields with respect to a
local coordinate system (x1, · · · , x2n) of M . If we put
Zabc =
1
2
(∇ahbc +∇chba −∇bhac),
then we have (cf. [1])
d
dt
∣∣∣∣
t=0
(R(t))abcd = ∇cZbad −∇dZbac + halRlbcd,
d
dt
∣∣∣∣
t=0
dvg(t) =
1
2
(h, g)dvg,
d
dt
∣∣∣∣
t=0
τ(t) = ∆(h, g) + δδh− (h, ρ),
where ( , ) denotes the local scalar product. Using (1), (2) and (3), we
have (cf. [6])
2
d
dt
∣∣∣∣
t=0
τ∗(t) = 2∇c{JabJcd∇bhad} − 2∇b{∇c(JabJcd)had}
+ had{2Jcd∇c(δJ)a + 2Jca∇c(δJ)d − ρ∗ad
+ 2ρclJalJcd + 2(∇cJab)∇bJcd − 2(δJ)a(δJ)d}
− 4KalJlbρ∗ab.
As in [6], we define a functional Fλ,µ on AH(M) by
Fλ,µ(g˜, J˜) :=
∫
M
(λτ˜ + µτ˜∗)dvg˜,
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for (λ, µ) ∈ R2 \ (0, 0). We put
α∗(x, y) = ρ∗(x, Jy),
β(x, y) = ∇Jx(δΩ)y +∇Jy(δΩ)x,
γ(x, y) = trace of (z 7→ (∇(∇zJ)xJ)y),
ρ ◦ J(x, y) = ρ(Jx, Jy),
ρ∗ ◦ J(x, y) = ρ∗(Jx, Jy).
Then regarding as (g(t), J(t)) ∈ AH(M), we have [6],
d
dt
∣∣∣∣
t=0
Fλ,µ(g(t), J(t))(6)
=
∫
M
[
(h, λ(
τ
2
g − ρ) + µ
2
(2β − ρ∗ + τ∗g − 2ρ ◦ J
−2γ − 2δΩ⊗ δΩ))− (K, 2µα∗)]dvg.
Furthermore, if we consider (g(t), J(t)) as a curve in AK(M, [Ω]), (h,K,A)
satisfies (4). Then by (6), we have
d
dt
∣∣∣∣
t=0
Fλ,µ(g(t), J(t))(7)
=
∫
M
[
(h, λ(
τ
2
g − ρ) + µ
2
(2β − ρ∗ + τ∗g − 2ρ ◦ J
−2γ − 2δΩ⊗ δΩ− 4ρ∗ ◦ J))− (A, 4µδα∗)]dvg.
Proposition 1. Let T and S be a symmetric tensor field of type (0, 2)
and a 1–form on a compact connected almost Ka¨hler manifold (M, g, J),
respectively. If the equation∫
M
{Tijhij + SiAi}dvg(8)
holds for any pair (h,A) satisfying (1) and (5) on M , then
T (X,Y ) = T (JX, JY )
holds for any X,Y ∈ X(M).
Remark. The above proposition only gives a necessary condition. It is
very important to find the necessary and sufficient condition of Proposition
1, and to find a curve (g(t), J(t)) ∈ AK(M, [Ω]) with a given (h,A).
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Proof of Proposition 1. Let p ∈ M be any point in M , U be an open
neighbourhood in M containing p, X be any smooth unit vector field on
U . Let f ∈ C∞(M) be a smooth function with supp f ⊂ U . We define a
symmetric tensor field h on M by
h(X,X) = −h(JX, JX) = f,
h(X,JX) = h(X,Y ) = h(JX, Y ) = h(Y, Z) = 0,
for local unit vector fileds Y,Z on U such that Y, Z ⊥ X, JX. Then (h,A =
0) satisfies (1) and (5). We have∫
M
(Tijhij + SiAi)dvg =
∫
M
(T (X,X)− T (JX, JX))fdvg.
Since f , U and p are arbitrary, we get
T (X,X) = T (JX, JX)
for any X ∈ X(M). This completes the proof of Proposition 1.
Finally, as an application of Proposition 1, we consider the functional
Fλ,µ|AK(M,[Ω]) restricted to the space AK(M, [Ω]).
Proposition 2. Let (M, g, J) be a compact almost Ka¨hler manifold. If
(g, J) is a critical point of Fλ,µ|AK(M,[Ω]), then
(−λ+ µ)ρ(X,Y ) + µ
2
{3ρ∗(X,Y ) + (∇XΩ,∇Y Ω)}
= (−λ+ µ)ρ(JX, JY ) + µ
2
{3ρ∗(Y,X) + (∇JXΩ,∇JY Ω)}
holds for any X,Y ∈ X(M).
Proof. Since (g, J) is an almost Ka¨hler structure, (g, J) is necessarily a
quasi-Ka¨hler structure, i.e., (∇JXJ)JY +(∇XJ)Y = 0 for ∀X,Y ∈ X(M).
Then the following curvature identity holds [4]:
2g((∇(∇W J)XJ)Y,Z) + 2g((∇(∇XJ)WJ)Z, Y )
= R(W,X, Y, Z) +R(JW, JX, JY, JZ)−R(JW, JX, Y, Z)
−R(W,X, JY, JZ) +R(JW,X, JY, Z) +R(W,JX, Y, JZ)
+R(JW,X, Y, JZ) +R(W,JX, JY, Z),
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where R(W,X, Y, Z) = g(R(Y, Z)X,W ). Then using dΩ = 0, we have [6]
2γ(x, y) = −2ρ(x, y)− 2ρ(Jx, Jy)(9)
+2ρ∗(x, y) + 2ρ∗(y, x)− (∇xΩ,∇yΩ).
From Proposition 1 and the argument in [3], we may see that there exists
a curve (g(t), J(t)) ∈ AK(M, [Ω]) with a given (h,A = 0) which is defined
in Proposition 1. Then from (6) and (9), we may conclude that
(−λ+ µ)ρ(X,Y ) + µ
2
{3ρ∗(X,Y ) + (∇XΩ,∇Y Ω)}
is a J–invariant tensor field of type (0, 2). This completes the proof of
Proposition 2.
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